Abstract. The aim of this note is to prove the geometrical origin of pairings of abelian schemes. According to Deligne's philosophy of motives described in 1.11 [4] , this means that these pairings are motivic. We make also explicit the link between pairings and linear morphisms and we give a geometrical explanation of the main properties of the pairings introduced by Mumford in [6] chapter 20. We generalize our remarks to pairings of 1-motives.
Introduction
Let S be a scheme. Let A and B be abelian S-schemes. We define the group of morphisms from A ⊗ B to G m as the isomorphism classes of biextensions of (A, B) by G m : where the horizontal maps are induced by the symmetric morphism. The anticommutativity of this diagram implies that symmetric (resp. skew-symmetric) biextensions are the "geometrical interpretation" of the skew-symmetric (resp. symmetric) pairings. In [3] 10.2 (and more in general in [2] ) it is proved that if S is the spectrum of a field of characteristic 0, then the defninition 0.0.1 is compatible with the Hodge, de Rham and ℓ-adic realizations of abelian varieties.
Abelian schemes
Let S be a scheme. Let A and B be abelian S-schemes. Since the S-schemes Hom(A, G m ) and Hom(B, G m ) are trivial, according to the exact sequence [7] Exposé VIII (1. Through these canonical isomorphisms the Poincaré biextension P 1,A of A corresponds to the identities morphisms id A : A −→ A and id A * : A * −→ A * . More in general, to a morphism f : A −→ B is associated the pull-back P f,B = (f × 1) * P 1,B by f × 1 of the Poincaré biextension of B. To the transpose morphism f t : B * −→ A * of f is associated the pull-back via 1 × f t of P 1,A , that we denote by P f t ,A . Clearly these two biextensions are isomorphic: P f,B ∼ = P f t ,A .
According to defninition 0.0.1, each biextensions of (A, B * ) by G m is a pairing from A ⊗ B * to G m . Definition 1.0.1. The Poincaré biextension P 1,A of A is the motivic Weil pairing A ⊗ A * −→ G m of A. We write it e 1,A .
In an analogous way, the biextension P f t ,A is the pairing The Baer sum of extensions defines a law group in Biext 1 (A, B; G m ) which makes it a commutative group. On the other hand there is a law group also for morphisms of abelian S-schemes, and under good hypothesis we can also compose them. The link between these two law groups and their meaning in terms of pairings is make clear in the below tables, where we have written additively the law group of G m : PROOF: The linearity in the first factor is a consequence of the formula (f +g)⊗ A * = f ⊗ A * + g ⊗ A * , with f and g endomorphisms of A and for the linearity in the second factor we used the transpose formula (
Since the Poincaré biextension P 1,A of A is a symmetric biextension, by defninition the corresponding pairing e 1,A is skew-symmetric. The reason of the non-degeneracy of the pairing e 1,A is that the Poincaré biextension P 1,A is trivial only if restricted to A × {0} and {0} × A * . According to [1] proposition 2.5, since the pairing e 1,A is an element of Hom(A ⊗ A * , G m ), the motivic Galois group of A acts on it via the Galois group Gal(k/k). Now the Poincaré biextension P 1,A is defined over k and therefore also the corresponding pairing e 1,A is defined over k, but this means that it is invariant under the action of Gal(k/k).
Let S be now the spectrum of a field k of characteristic zero. Let A be an abelian variety over k and consider a line bundle L over A. To L we can associate a morphism φ L : A −→ A * from A to its Cartier dual and therefore a biextension P φL,A of (A, A) by Z(1) and a pairing φ L ⊗ A : 
* P 1,A For the pairing, using the equality f ⊗ A * = f t ⊗ B, we have that 
1-motives
Ler S be a scheme. In [3] (10.1.10), Deligne defines a 1-motive M = [X u −→ G] over S as a S-group scheme X which is locally for theétale topology a constant group scheme defined by a finitely generated free Z-module, an extension G of an abelian S-scheme by a S-torus, and a morphism u : X −→ G of S-group schemes. A more symmetrical defninition is the following one:
• X and Y ∨ are two S-group schemes which are locally for theétale topology constant group schemes defined by finitely generated free Z-modules; • A and A * are two abelian S-schemes dual to each other;
• v : X −→ A and v * : Y ∨ −→ A * are two morphisms of S-group schemes; • ψ is a trivialization of the pull-back (v, v * )
is associated its Poincaré biextension P 1,M which expresses the Cartier duality between M and M * . It is the biextension (P 1,A , ψ 1 , ψ 2 ) of (M, M * ) by G m where ψ 1 is the trivialization of the biextension (id A , v * ) * P 1,A which defines the morphism u : X −→ G, and ψ 2 is the trivialization of the biextension (v, id A * ) * P 1,A which defines the morphism u * : Y ∨ −→ G * . Let M 1 and M 2 be two 1-motives defined over S. According to Proposition [3] (10.2.14) a morphism
• f is a morphism of abelian S-schemes with transpose morphism f t , and g and h are morphisms of character groups of S-tori;
The transpose morphism
where h ∨ and g ∨ are the dual morphisms of h and g, i.e. morphisms of cocharacter groups of S-tori.
As for abelian S-schemes, according to 0.0.1 we have that
. Via these isomorphisms, the Poincaré biextension P 1,M1 of M 1 corresponds to the identities morphisms id M1 :
is associated the pull-back by F × 1 of the Poincaré biextension of M 2 , that we denote by P F,M2 : P F,M2 = (F × 1)
). To the transpose morphism
, that we denote by P F t ,M1 . Clearly these two biextensions are isomorphic: In an analogous way, the biextension P F t ,M1 is the pairing e 1,M1 •(1×F t ) = F t ⊗M 1 . Since the biextensions P F,M2 and P F t ,M1 are isomorphic we have that F ⊗ M * 
